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Abstract 
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1 Introduction 



The massless Thirring model PP is a theory of a self-coupled Dirac field ip{x) 

C T h(x) = ip(x)i'fd ft il>(x) - ^gi)(x)fi)(x)i)(x)^^il)(x), (1.1) 

where g is a dimensionless coupling constant that can be both positive and negative as 
well. The field ip(x) is a spinor field with two components ipi(x) and fai 

x), x is a 2 

vector x^ = (x ,^ 1 ), where x° and x 1 are time and spatial components. The 7-matrices 
are defined by 7 = o"i, 7 1 = — io\ and 7 5 = 7°7 1 = <t 3 , where Oi (i = 1,2,3) are 2x2 
Pauli matrices. These 7-matrices obey the relations [2 

7V + 7Y = 2^ , 7 V + 7V = 0, 

yy = gr + ^B ) 7 m 7 5 = _ £ ^ %) ( L2) 

where is the Levy-Civita tensor defined by e 01 = —£01 — 1- The Lagrangian (jl.lj) is 
invariant under the chiral group £A/(1) x ^a(I) 

i>(x) ij'(x) = e ia v^( x ), 

^j(x) -±> ^'(z) = e mA ^V(^), (1.3) 

where ay and are real parameters defining global rotations. Due to invariance under 
the chiral group Uy(l) x Ua(1) the vector and axial-vector current j^{x) and j^(x), 
induced by vector (V) and axial-vector (A) rotations and defined by 

f( x ) = ^(xh'Xx), 

%{x) = V^hVV^), (1.4) 

are conserved <9 M j M (x) = d^j^x) = 0. Recall, that in 1+1-dimensional field theories the 
vector and axial-vector currents are related by j^(x) = —e lJ,u j l ,(x) due to the properties 
of Dirac matrices. 

In addition to chiral invariance the massless Thirring model is invariant under the 
conformal group [HUE], which contains the Poincare group supplemented by dilatations 
x M — > x'^ = x^/p and inversions x M — > x'^ = cx^/x 2 , where p and c are parameters of the 
transformations [I] [!)]■ 

If the conformal invariance of the massless Thirring model can be broken neither 
explicitly nor spontaneously, the spontaneous breaking of chiral symmetry of the massless 
Thirring model found in [21 U\ , leading to the breakdown of conformal symmetry of the 
massless Thirring model, becomes never possible. 

Below we show that conformal symmetry of the massless Thirring model becomes 
dynamically broken due to the constant of motion following from the equations of motion 
for the massless Thirring fermion fields [2 . This allows the existence of the chirally broken 
phase in the massless Thirring model obtained in [21 El- Since dilatations are a part of 
the conformal group, the dynamical breaking of dilatational invariance of the massless 
Thirring model should testify the dynamical breaking of a conformal symmetry. 



2 



Under dilatations x^ — > x'^ = x^j p the massless Thirring fermion fields behave as 
follows (see also 0) 

U(p)^{x)U\p)=p d ^px), (1.5) 
where d is a dimension of the field ip(x). A unitary operator U(p) is defined by jH] 

U(p)=e iin P D , (1.6) 

where D is the generator of the scale transformations (dilatations). For the infinitesimal 
dilatation p = 1 + e the operator D satisfies the commutation relation 

i[D,ip(x)] = (d + x^d„)ip(x). (1.7) 

Under scale transformation ()1.5|) the Lagrangian (|l.lj) transforms as follows 

C Th (x) -> £ Th (px) = p 2 ^(p X )^|^ -p 4d ^^(px) 7 ^W^W7^W-(l-8) 

The action <S Th [■?/>, we determine by 

SafoM] = I d 2 xC Th (x). (1.9) 



Due to the scale transformation f)1.5|) it changes as 

= J d 2 xC Th (x) - p 2 ^ 1 y rf 2 (px) ^(px)27 M ^^ 

-P 2 9 Hpxh^ipx^ipxhMpx)) ■ C 1 - 10 ) 

It is seen that the action is invariant under the scale transformations (|1.5J) if the dimension 
of the massless Thirring fermion field is equal to d — 1/2. This is the so-called canonical 
dimension of a fermion field in 1+1-dimensional space-time. 

For d — 1/2 the Lagrangian £xh(p^) differs from the Lagrangian C^hi^) by a constant 
factor p 2 . This means that the equations of motion of the massless Thirring fermion fields 
should be invariant under scale transformations. 

As has been shown in j2j, the equations of motion for the massless Thirring fermion 
fields lead to a constant of motion, which is not invariant under scale transformations 
x^ — > x 1 ^ — x^/p and (jl.5j) . This should testify a dynamical breaking of the dilatational 
invariance of the Thirring model. 

The paper is organized as follows. In Section 2 we analyse the equations of motion 
for classical massless Thirring fermion fields and derive the constant of motion. We show 
that the constant of motion breaks dynamically dilatational and conformal symmetries. 
In Section 3 we derive the equations of motion for the quantum massless Thirring fermion 
fields and the quantum version of the constant of motion breaking dilatational and con- 
formal symmetries in the quantum massless Thirring model. In the Conclusion we discuss 
the obtained results in connection with the existence of the chirally broken phase of the 
massless Thirring model pointed out in E] . 
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2 Constant of motion and dynamical breaking of di- 
latational invariance. Classical fermion fields 



In this section we deal with classical Thirring fermion fields and show that the classical 
equations of motion lead to the constant of motion found in [2| . For the analysis of the 
evolution of the classical Thirring fermion fields the Lagrangian (jl.lj) does not need to be 
taken in the normal-ordered form |2J. The equations of motion read [2| 

iYd^(x) = g j M (x)7^(x), 
-id^(x)r = gi,(x)^f(x). (2.1) 

Due to the peculiar properties of 1+1-dimensional quantum field theories of fermion fields 
[TT] the equations of motion (j2.1|) are equivalent to [2] 

id^ip(x) = aj lx {x)ip{x) + be fJiU f(x)j 5 ip(x), 
-id^x) = aip(x)j^(x) + bilj(x)'y 5 j u (x)e^ (2.2) 

where the parameters a and b are equal to [2] 

1 ( 1 
a = 2\ 9+ -c 

b = (2-3) 



2 V c 

where c is the Schwinger term [2]. 

The equations of motion ()2.2|) can be transcribed into the equations of motion for the 
scalar and pseudoscalar fermion densities ^(x)ip(x) and ip(x)i'y 5 ip(x). They read 

d^(x)iP{x)} = -2be^f(x)[ij(x)i^(x)], 
d^(x)i^iP(x)) = +2be lu ,f(x)$(x)i(>(x)]. (2.4) 

Multiplying the first equation by tp(x)ijj(x) and the second by ip(x)i r Y 5 i/j(x) and summing 
up the obtained expressions we arrive at the relation [2] 







(x)i)(x)f + [^(x)«7 5 ^(x)] 2 ) = 0. (2.5) 



dx^ 

Hence, the expression in the parentheses is the constant of motion 

[ip(x)ilj(x)} 2 + $(x)rfip(x)] 2 = C, (2.6) 

where C is a constant. As has been shown in |2J, this is equal to C — M 2 /g 2 , where M 
is the dynamical mass of Thirring fermion fields. 

Applying a Fierz transformation and multiplying both sides by g/2 we transform the 
constant of motion ()2.6|) to the form [2] 

^giP(x)j^(x)iP(x)j^(x) = ~ = —£[M], (2.7) 
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where S[M] = — M 2 /Air is the minimum of the energy density of the ground state of the 
Thirring fermion fields in the chirally broken phase 

Since the l.h.s. of ()2.7|) is a potential of the self-coupled Thirring fermions, one can 
conclude that relation ()2.7)1 testifies the evolution of the Thirring fermions with a constant 
potential energy in the proximity of the minimum of the energy density of the ground 
state of the massless Thirring model in the chirally broken phase. 

Under scale transformation the l.h.s. of ()2.6|) changes as follows 

p M m P x)^px)f + {4,(px)i^(px)] 2 ) = C. (2.8) 
Since [ip(x)ip(x)} 2 + [ijj(x)ij 5 ip(x)} 2 is a constant of motion, it is obvious that 

\^{px)i){px)} 2 + [i>(px)rfi)(px)f = \4)(x)i)(x)} 2 + \i>(x)rfi)(x)} 2 = c. (2.9) 

Substituting ()2.9j) in ()2.8j) we obtain the relation 

p M C = C (2.10) 

which is obviously broken for p ^ 1 for C ^ 0, even if the dimension d of the Thirring 
fermion fields is equal to the canonical dimension d = 1/2. 

The constraint ()2.1())1 is valid only for C — 0. However, the vanishing constant of 
motion entails the trivial solution of the equations of motion of the massless Thirring 
model, ip(x) = 0. Hence, for any non-trivial solution dilatational symmetry as well as 
conformal symmetry becomes dynamically broken due to the constant of motion. 

This means that the massless Thirring fermion fields evolve conserving the constant 
of motion and breaking scale invariance. Dynamical breaking of the scale invariance is 
equivalent to the dynamical breaking of conformal symmetry [Sj. This agrees with the 
assertion by Fradkin and Palchik [3] that conformal symmetry in the massless Thirring 
model can be spontaneously broken. 



3 Constant of motion and dynamical breaking of di- 
latational invariance. Quantum fermion fields 

In this section we analyse the existence of the constant of motion (|2.fij) for quantum 
massless Thirring fermion fields. Since the constant of motion is the consequence of 
the equations of motion, we have to derive the quantum equations of motion. For the 
derivation of quantum equations of motion the Lagrangian (jl.lj) should be taken in the 
normal-ordered form [2] 

C Th (x) =: $(x)i'fd ll 'il)(x) : -~g : ^(^^(^(^hW^) :, (3.1) 

where : . . . : indicates the normal ordering. 

For further transformations we decompose conventionally Thirring fermion fields ip(x) 
and ip(x) into positive and negative frequency parts [12] 



iP(x) = ip i+) (x) +ip i ~ ) (x) 1 

$(x) = ip (+ \x) +ip ( -\x), (3.2) 
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Due to non-linearity the operators ip^ + \x) (^~\x)) and ip^\x) {jp^ + \x)) do not an- 
nihilate a fermion (anti-fermion) or create of an anti-fermion (fermion). However, the 
normal-ordering assumes that all operators ^~\x) (^ + \x)) should stand to left from 
the operators i/j^ + \x) (ip^\x)). 

In terms of the positive and negative frequency parts of the fermion fields ip(x) and 
ip(x) the Lagrangian (j3.1j) acquires the form 



£ T h(z) 



= ^\x){i^) ab d^\x) - (zY) ab d,4~\x)^-\x) 
+ ^\x)(i 1 n ah d^ ( -\x)+^\x)(ir)a b d^\x) 









-\x)4 + \x)4' 


-\x) 






+ 




{x)^- ] 


(x] 


+ 4+\x)^ 




(x)4 +) 






ti + \x)4 + \x)4 +) 




(x] 


+^i +) (x)4~ ] 










4-\x)^-\x)^ 




(x] 






{x)i) { - ] 


[x) 


+ 


^\x)^\x)^ 


{x)^- ] 


(x] 














[x] 




(x)ip { c +) (x)i> { d ) 


:*) 




^(x)^-\x)4 +) 


[x)^- ] 


(x] 




(x)4 +) 


(x)ip( } 


[x) 


+ 




{x)fy- ] 


(x] 






{x)i) { - ] 


[x) 


+ 


4 +) (X^ix)^ 


{x)^ { - ] 


(x] 


}• 









(3.3) 

The quantum equations of motion can be obtained by differentiating the Lagrangian ()3.3|) 



with respect to ip ( 


. +) (*)- 




(x) + i 






+4 + \x)^- 


(x)tp { b + 


-4-\x)^ d + 




+4 + \x)4- 






(x)^~ 



X 



Pi 

,(-), 



x) + ^ b >(x)^ c + 

[x) + 4 + \x)4 + 



X) - v>6 +) 0Mi 



(+ 



x) - ip[ \x)ip i 



,(+ 



(+ 
b 

(x)^-\x)-4+ 

(x)i) { -\x) + ip { c + 
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,x)ipy\x) 

■)^-\x) 



d 1 

'.(-) 



X) 



(x)^->(x)}. (3.4) 



These equations of motion can be rewritten in the usual form 



i^d^(x) = -g : ip(x)Yip(xh^ip(x) +^ ll ip(x)tlj(x)Y^(x) 
= 9 ■ {$(x)^(x),7$(x)} ■ ■ 
For the Dirac conjugate fermion field the equations of motion read 

1 



(3.5) 



- id^ip(x)Y 



g : ^(x^^x^^x) + ip(x)j' J "ip(x)ip(x)j fJ , ■'- 



= 9 ■ {^{x)l^^{x)^^{x)} : . 

The quantum analogies of the equations (J2.2|) read 

id^(x) = a : {^(x)j^(x),ip(x)} : +be tiu : {i[)(x)^ u ' l P{x)-,^i'{x)} :, 
-id^(x) = a : {^(x),'ij;(x)j^(x)} : -be^ : {^(x)^ 5 , 7p(x)i u ip(x)} : . 



(3.6) 



(3.7) 
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For the quantum versions of (|2.4j) we get 

d il [i)(x)i)(x)} = -ia$(x) : {^(x^^x), ip(x)} : +ia: {ij(x),ij(x)j^(x)} : i/;(x) 

-ibe^^x) : {ip(x)Y'ip{x), j 5 tp{x)} : -ibe^ : {^(x)^ 5 , ip(x)Y^{x)} ■ ip{x), 

d^(x)irfi>(x)} = a^(x)7 5 : {^(x^^x), ip{x)} : -a : {tp(x)^(x)^^{x)} : ^ 5 ip{x) 

+be^ij(x)^ : {^(x)7^(x),7 5 ^(x)} : +bs fiv : {V^h 5 , i>(x)i v ip(x)} ■ ^^{x). (3.8) 

For the transformation of the r.h.s. of (|3.8jl we would use Wick's theorem ^21 QB|- This 
yields 

dJV'Or^a;)] = +(a + 6) lim : ijj(x)i'y 5 ip(x) : tr{7 M 7 5 S' J F(x - y)}, 

y-*x 

d^[i>(x)i^i)(x)] = -(a + b) lim : $(x)i/;(x) : tr{ 7M7 5 5 F (x - y)}, (3.9) 

y—>x 

where Sp(x — y) is the exact causal two-point Green function of the massless Thirring 
fermion fields which we define in the form of the Kallen-Lehmann representation |T3] 

S F {x-y)=i(0\TMx)$(y))\0) = 
1 „ d 



■>tt ^dx^ J dm2 p ^ K o( m V-( x -y) 2 + = 

= _i -ftp-vy r dm 2 p(m2) m Ki{m v /_ (x _ y)2 + • 0)> (310) 

2?r V-(a;-y) 2 + zO Jo 

where -ft'o(^) an d K (z) are McDonald's functions and p(m 2 ) is the Kallen-Lehmann 
spectral function. 

It is obvious that the equations ()3.9|) can be written as 

dJ: [i(j(x)'ijj(x)} 2 + [^(x)i7 5 '0(x)] 2 :) = (a + b) lim[: i(j(x)'ijj(x) :, : , 4)(x)i'j 5 il>(x) :] 

xtr{ 7/ , 7 5 5 F (a;-y)}. (3.11) 

Since the scalar and pseudoscalar fermion densities commute, we arrive at the equation 

[^(x)V(z)] 2 + [4>(x)i^(x)} 2 :) = 0. (3.12) 

Thus the quantum version of the constant of motion reads 

: [%l)(x)^(x)} 2 + $(x)i-f 5 ^(x)} 2 : = C, (3.13) 

where C = M 2 /g 2 . It differs from the constant of motion of the classical equations of 
motion ()2.6|) only by the normal ordering of the field operators. By a Fierz transformation 
we obtain 

: $(x)^ip(x)ip(x)j> J "ip{x) := -C. (3.14) 
In the component form the constant of motion reads 

: 4(x)^)4^)M^)-= \c (3.15) 

This constant of motion for C ^ breaks dynamically both dilatational and conformal 
symmetry of the massless Thirring model. 

It is obvious that for C = 0, that is demanded by dilatational and conformal in- 
variance, there can be only a trivial solution of the quantum equations of motion, i.e. 
ipi(x) = ip2{x) = 0. Hence, the conformal invariant massless Thirring model does not 
exist. 
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4 Conclusion 



We have discussed the constant of motion for the evolution of the massless Thirring 
fermion fields in connection with dynamical breaking of dilatational and conformal sym- 
metries of the massless Thirring model. We have derived the constant of motion for both 
classical and quantum massless Thirring fermion field. The existence of the constant of 
motion for the evolution of the massless Thirring fermion fields has been recently con- 
firmed within the free massless boson field representation of the massless Thirring fermion 
fields [Hj. 

We have shown that the constant of motion of the massless Thirring fermion fields 
breaks dynamically both dilatational and conformal symmetries of the massless Thirring 
model. This agrees with Fradkin and Palchik The vanishing constant of motion, 
compatible with dilatational and conformal invariance of the massless Thirring model, 
leads to a trivial solution of the classical and quantum equations of motion, if)(x) = 0. 
This means that the massless Thirring model, invariant under dilatational and conformal 
symmetry, does not exist. 

It is well-known from low-energy hadronic physics that spontaneous breaking of dilata- 
tional symmetry entails spontaneous breaking of chiral symmetry jH] . Thus, the dynamical 
breaking of dilatational and conformal symmetries of the massless Thirring model, due 
to the constant of motion, testifies the validity of our results concerning the existence of 
the chirally broken phase of the massless Thirring model pointed out in [21 Cj - 

We would like to emphasize that the dynamical breaking of conformal symmetry as well 
as the spontaneous breaking of chiral symmetry in the massless Thirring model does not 
contradict to Coleman's theorem. Indeed, as has been discussed in (3 EH] , Coleman's 
theorem is applicable only to quantum field theories in 1+1-dimensional space-time with 
Wightman's observables defined on the test functions h(x) from iS(R 2 ), h(x) G 5(M 2 ), 
whereas the massless Thirring model and its bosonized version are the quantum field 
theories with Wightman's observables defined on the test functions h(x) from iSo(1R 2 ) = 
{h(x) G 5(IR 2 ); h(0) = 0}, where h(0) is the Fourier transform of h(x) at zero momentum. 
Due to the vanishing of h(0), the collective zero-mode, responsible for infrared divergences 
of the free massless (pseudo) scalar field theory bosonizing the massless Thirring model 
[3 H3] , cannot be measured by Wightman's observables [7J HD] • 
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